We study a two-dimensional incoherently pumped exciton-polariton condensate described by an open-dissipative Gross-Pitaevskii equation for the polariton dynamics coupled to a rate equation for the exciton density. Adopting a hydrodynamic approach, we use multiscale expansion methods to derive several models appearing in the context of shallow water waves with viscosity. In particular, we derive a Boussinesq/Benney-Luke type equation and its far-field expansion in terms of Kadomtsev-Petviashvili-I (KP-I) equations for right-and left-going waves. From the KP-I model, we predict the existence of vorticity-free, weakly (algebraically) localized two-dimensional dark-lump solitons. We find that, in the presence of dissipation, dark lumps exhibit a lifetime three times larger than that of planar dark solitons. Direct numerical simulations show that dark lumps do exist, and their dissipative dynamics is well captured by our analytical approximation. It is also shown that lump-like and vortex-like structures can spontaneously be formed as a result of the transverse "snaking" instability of dark soliton stripes.
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I. INTRODUCTION
Exciton-polariton superfluids, composed by hybrid light-matter quasi-particles emerging in the regime of strong coupling, offer unique opportunities for studies on quantum, nonequilibrium and nonlinear dynamics [1, 2] . Being intrinsically lossy -and hence being continuously replenished in order to be sustained-polariton superfluids are described by damped-driven versions of the Gross-Pitaevskii (GP) equation [3] [4] [5] [6] [7] (see also the review of Ref. [2] ). Such models have been successfully used for the theoretical study of fundamental nonlinear phenomena that have been observed in experiments, e.g., the formation and dynamics of quantized vortices [8] [9] [10] [11] and dark solitons [12] [13] [14] [15] [16] [17] [18] .
There are numerous works that have studied the dynamics of dark solitons in polariton condensates. For instance, dark solitons in polariton condensates coherently and resonantly driven by a pumping laser were studied in Refs. [19] [20] [21] . Also, in the presence of nonresonant pumping, simplified Ginzburg-Landau models [6, 7] were used to describe one-dimensional (1D) dark solitons and two-dimensional (2D) ring dark solitons in Refs. [22, 23] . In the same case (of nonresonant pumping), and using the open-dissipative GP model of Refs. [3] [4] [5] , which involves the coupling of polaritons to the exciton reservoir, dark polariton solitons were analyzed using an adiabatic approximation [24] and variational techniques [25, 26] . Finally, in Ref. [27] , the 1D open-dissipative GP model was asymptotically reduced to an effective Korteweg-de Vries (KdV) equation with linear loss, which was then used to describe dark soliton dynamics in polariton superfluids.
The recent work of Ref. [27] suggests a number of interesting questions. Before asking some of these, it is relevant to mention the following. The KdV equation is known to be a universal model describing shallow water waves [28] , as well as ion-acoustic solitons in plasmas [29] , solitons in mechanical and electrical lattices, and so on [30] . The KdV equation describes unidirectional propagation and stems, as the far-field limit, from bi-directional models appearing in various contexts -predominantly in shallow water waves-such as the Boussinesq [28] [29] [30] and the Benney-Luke (BL) [31] equations. Additionally, the generalization of the KdV in the 2D setting, namely the Kadomtsev-Petviashvili (KP) equation, also stems from the 2D versions of Boussinesqand BL-type models [28] . Then, one can ask whether these models may be relevant to the context of polariton superfluids as well. If yes, one can hope to use them towards predicting dynamical features of the solitons, towards identifying novel -e.g., 2D-solitonic structures in exciton-polariton systems and, finally, towards quantifying the role of the open-dissipative nature of these systems.
The scope of this work is to address these questions. In particular, our starting point is the open-dissipative GP equation of Refs. [3] [4] [5] in 2D, which is perhaps the most customary approach for describing an inco-herently pumped exciton-polariton BEC. This model is composed by a dissipative GP equation for the macroscopic wavefunction of the polariton condensate, coupled with a rate equation for the exciton reservoir density. Adopting a hydrodynamic description, we use multiscale expansion methods to derive -under certain physically relevant conditions-asymptotic reductions of the open-dissipative GP equation. Specifically, at an intermediate stage of the asymptotic analysis, we obtain a Boussinesq/BL-type equation with linear loss -similarly to the case of shallow water waves when viscosity is taken into account [32, 33] . Next, we consider the far-field of the Boussinesq/BL-type equation, and derive a pair of Kadomtsev-Petviashvili (KP) equations [34] with linear loss, for right-and left-going waves. Such KP models (and also their 1D, KdV, counterpart) perturbed by a linear loss term have been used in shallow water wave settings involving straits of nonuniform water depth [35, 36] . It is important to point out that, given the self-defocusing nature of the nonlinearity, the derived KP model is of the KP-I type, i.e., it is characterized by positive dispersion, and arises in the context of shallow water waves, or in liquid thin films, when surface tension dominates gravity [28] .
Next, in the absence of dissipation, 1D line soliton and 2D lump solutions of the KP-I equation [37] are used for the construction of two different types of (approximate) soliton solutions of the original open-dissipative GP model: (i) planar dark solitons, satisfying the 1D (KdV) counterpart of the KP-I -similar to the ones studied in the 1D setting of Ref. [27] -and (ii) weakly localized (i.e., algebraically decaying), vorticity-free, 2D dark solitons. The fact that the underlying KP equation is of the KP-I type has important consequences: since line solitons (lumps) of the KP-I are unstable (stable) [38] then, in the original GP model, planar dark solitons are also unstable in 2D -as was also demonstrated in the simulations of Ref. [24] -while 2D dark lump solitons are dynamically robust. Importantly, similar dark lump solitons have been predicted and studied in nonlinear optics [39] [40] [41] , atomic Bose-Einstein condensates (BECs) [42] (see also the reviews [43] ), superfluid Fermi gases [44] , and in laser-plasma interactions [45] . As was shown, these structures can emerge as a result of the slowly developing transverse (alias "snaking") instability of the 1D dark solitons [46] , or during vortex-antivortex annihilation [47] (see also relevant work in Refs. [48] [49] [50] ).
We also study the role of dissipation on the soliton dynamics, which is particularly relevant due to the opendissipative nature of the present system. It is found that the amplitude of both the line solitons and the lumps decays exponentially in time, with a rate which is set by physical parameters of the problem, namely the polariton decay rate and the relative deviation of the uniform pumping from its threshold value. Remarkably, it is found that the lifetime of the weakly-localized dark lump soliton is three times larger than the one of the line soliton. This suggests that these structures have a good chance to be observed in experiments. Finally, we use direct numerical simulations to show that dark lumps do exist, and their dissipative dynamics is well described by our asymptotic approach. In addition, the use of direct simulations shows that relevant lump -as well as vortical-structures can spontaneously be formed as a result of the transverse "snaking" instability of weak dark soliton stripes.
The paper is structured as follows. In Section 2, we present the model and use asymptotic expansion methods to derive the effective Boussinesq/BL and KP-I equations. In Section 3, employing the soliton solutions of the KP-I model, we construct corresponding approximate soliton solutions of the open-dissipative GP equation. We also present results of direct numerical simulations depicting: (i) the dissipative dynamics of the dark lumps, as well as (ii) the snaking instability of dark soliton stripes. Finally, Section 4 summarizes our conclusions and provides directions for relevant future work.
II. THE MODEL AND ITS ANALYTICAL CONSIDERATION
A. The open-dissipative Gross-Pitaevskii model
Let us consider a 2D incoherently pumped (far from resonance) exciton-polariton condensate described, in the mean-field approximation, by a generalized opendissipative GP system where the polariton wavefunction Ψ(r, t) is coupled to a rate equation for the exciton reservoir density n(r, t) [3] [4] [5] :
where subscripts in the fields Ψ and n denote partial derivatives and ∆ ≡ ∂ 2 x + ∂ 2 y is the 2D Laplacian. In these equations, the polaritons, with effective mass (lower polariton branch) M , have a (self) nonlinear interaction strength g C and are coupled, with coupling strength g R , to the exciton reservoir. Furthermore, R measures the reservoir's rate of stimulated scattering, while γ C and γ R are the polariton and exciton loss rates, respectively. Finally, P (r, t) is the exciton creation rate induced by the spatio-temporal laser pumping profile. It is important to note that within this model, the polariton condensate includes an intrinsic repulsive (defocusing) nonlinearity (g C > 0).
To simplify our analysis, we express Eqs. (1)- (2) in dimensionless form by: scaling space in terms of the healing lengthξ = / √ M g C n C (where n C is the background's condensate density), scaling time in units of t 0 =ξ/c S (where c S = g C n C /M is the speed of sound), and scaling densities (namely |Ψ| 2 and n) in terms of n C . Using these scalings yields
where now g R and R are measured in units of g C and g C / , respectively, γ C and γ R are measured in units of 1/t 0 , and the laser pump P (x, t) is measured in units of n C /t 0 . The starting step to describe the polariton condensate as a fluid is to employ the so-called Madelung transformation Ψ = √ ρ exp(iϕ) that expresses the polariton evolution in terms of its density ρ and phase ϕ. Then, after separating real and imaginary parts, one obtains the fluid-like equations:
where ∇ ≡ (∂ x , ∂ y ) is the gradient operator. From this point onward, we restrict our attention to the constantin-time and spatially uniform pumping profile P (x, t) = P 0 . For this pumping profile the spatially homogeneous steady-states of the exciton-polariton system correspond to
where the steady-state condensate and reservoir background densities, ρ 0 and n 0 , as well as the chemical potential µ, are given by [3, 24, 27] :
where we have defined
In the above, the inequality P 0 > P (th) 0 must be satisfied for the polariton density to be meaningful (i.e., positive). This implies that a non-zero polariton steady-state can only be sustained provided that the pump strength P 0 exceeds the threshold value P (th) 0 given above. Therefore, by defining the following positive parameter, corresponding to the relative deviation of the pumping from the threshold,
we can express the equilibrium condensate density as
In what follows, we consider the case γ C ≪ γ R corresponding to the physically realistic scenario whereby the exciton reservoir follows adiabatically the polariton condensate evolution [3] . In order to employ a multiscale expansion approach, we follow the smallness of the relevant quantities by introducing the formal small parameter 0 < ǫ ≪ 1 and assume that γ C = ǫγ C , wherẽ γ C and γ R remain of order O(1). By the same token, we consider that the reservoir's scattering rate R and the relative deviation of the pumping from the threshold, α, are also relatively small [24] and of order ǫ: R = ǫR and α = ǫα, whereR andα are of order O(1). All other parameters and relevant quantities -such as the densities ρ 0 and n 0 , the pump threshold P (th) 0
, and the chemical potential µ-are assumed to be of order O(1).
B. Effective nonlinear evolution equations
The Boussinesq/Benney-Luke-type equation
To better underline the hydrodynamic origin of the soliton solutions presented below, we will first derive a Boussinesq/Benney-Luke-type equation. We thus seek solutions of Eqs. (5)- (7) in the form of the following asymptotic expansions:
where ǫ is the same formal small parameter used for the scaling of the parametric dependences above, while the unknown real functions Φ, ρ j and n j (j = 1, 2, . . .) are assumed to depend on the slow variables:
Substituting the expansions (12a)-(12c) into Eqs. (5)- (7), and using the variables in Eq. (13), we obtain the following results. First, up to order O(ǫ), Eq. (5) reads:
and O(ǫ 5/2 ), to the following equations, respectively:
Third, Eq. (7), at the leading order in ǫ, i.e., at order O(ǫ 2 ), yields:
connecting the reservoir density n 1 to the polariton density ρ 1 . Obviously, once ρ 1 is found, then n 1 and Φ can be respectively derived from Eq. (17) and the leading-order part of Eq. (14), namely Φ T + ρ 1 = 0. At the present order of approximation, Eqs. (14)- (16) do not incorporate dissipative terms. The lowestorder such term appears in Eq. (16), and has the form −ǫ 3α γ R n 1 , i.e., it is a term of order O(ǫ 3 ). To take into account this term, we may modify Eq. (16) 
where the squared velocity C 2 is given by:
up to corrections of O(ǫ 2 ). It is clear that, to leading-order, Eq. (18) is a linear wave equation. In addition, at the order O(ǫ), Eq. (18) incorporates fourth-order dispersion terms and quadratic nonlinear terms. Obviously, Eq. (18) resembles the Boussinesq and Benney-Luke [31] equations, which describe bidirectional shallow water waves, in the framework of small-amplitude and long-wavelength approximations [28] ; note that such Boussinesq-type models have also been used in other contexts, ranging from ion-acoustic waves in plasmas [29] to mechanical lattices and electrical transmission lines [30] . Finally, at the order O(ǫ 3/2 ), Eq. (18) also includes a dissipative term (see below) proportional toαγ C , i.e., depending on the polariton decay rate and the relative deviation of the uniform pumping from its threshold value. Such a Boussinesqlike model with constant dissipation can also be derived in the context of shallow water waves, upon incorporating a dissipative term -to account for the presence of viscosity-in the free-surface dynamical boundary condition [32] (see also Ref. [33] ).
Before proceeding further, it is relevant to focus, at first, on the linear dispersion relation of Eq. (18), which can be derived as follows. Seeking small-amplitude solutions of Eq. (18) behaving like Φ ∝ exp[i(k ·r − ωt)], with r = (x, y), we find that the perturbations' wavevector k = (k x , k y ) and frequency ω obey the dispersion relation:
where
is the standard Bogoliubov dispersion relation for a condensate at equilibrium [43] . It is clear that Eq. (20) suggests a decay rate of linear waves proportional toαγ C . Below we will show that localized nonlinear waves, in the form of 1D line solitons and 2D lumps, satisfying a KP-I equation that will be derived as the far field of Eq. (18), also feature a decay rate proportional toαγ C . This can also be suggested by the linear theory as follows. Using |k| 2 = k 
with ± corresponding to right-and left-going waves. Then, considering a quasi-2D evolution with k y /k x = O(ǫ 1/2 ), we may further simplify Eq. (21) as follows:
Then, using ω → i∂ t , k x,y → −i∂ x,y , it is found that the linear PDE associated with this dispersion relation is:
To this end, employing the transformation x ′ = x − Ct and using the slow time t ′ = ǫt, the above equation takes the form
which is a linear KP equation incorporating, in its righthand side, a small [of order O(ǫ 1/2 )] linear loss term. To derive the full nonlinear version of the KP model, in the next section, we resort to the method of multiple scales.
The Kadomtsev-Petviashvili-I equation
We now proceed to derive the far-field equations stemming from Eq. (18), in the framework of multiscale asymptotic expansions. As is well known, the far-field of the Boussinesq equation in (1 + 1)-dimensions is a pair of two KdV equations [28] , while in (2 + 1)-dimensions, it is a pair of KP equations [51] [52] [53] , for right-and leftgoing waves. The KP equation, can be derived under the additional assumptions of quasi-two-dimensionality and unidirectional propagation. In particular, first we introduce the asymptotic expansion:
where the unknown functions Φ ℓ (ℓ = 0, 1, . . .) depend on the variables
Substituting this expansion into Eq. (18), at the leadingorder in ǫ, we obtain the wave equation
implying that Φ 0 can be expressed as a superposition of a right-going wave, Φ
0 , depending on ξ, and a left-going one, Φ (L) 0 , depending on η, namely:
In addition, at order O(ǫ), and taking into regardas before-the correction including the dissipative term of order O(ǫ 3/2 ) [cf. last term in the left-hand side of Eq. (18)], we obtain the equation:
When integrating Eq. (27) , secular terms arise from the square brackets in the right-hand side, which are functions of ξ or η alone, not both. Removal of these secular terms leads to two uncoupled nonlinear evolution equations for Φ
and Φ
0 . Furthermore, using the equation Φ T = −ρ 1 , obtained from the leading-order part of Eq. (14), the amplitude ρ 1 is also decomposed to a leftand a right-going wave, i.e., ρ 1 = ρ
, with:
To this end, using the above equations for Φ :
where X = ξ or X = η, as well as ±, corresponds to the right (R)-or the left (L)-going wave. Obviously, the above equations are of the KP type, and incorporate a dissipative perturbation having the form of a linear loss term. Generally, the KP equation is a 2D extension of the KdV equation -cf. Eq. (29) for ∂ Y = 0. The particular form of Eq. (29) is of the KP-I type, i.e., it is characterized by positive dispersion, and is known to govern shallow water waves, in the case where surface tension dominates gravity [28] . Importantly, the KP-I equation is known to display the effect of transverse instability and self-focusing of planar (quasi-1D) localized structures, so-called line solitons (cf. next section). In particular, as was first shown in hydrodynamics and plasma physics [38] , line solitons develop undulations and eventually decay into lumps [54] . Additionally, in optics, the asymptotic reduction of the defocusing 2D nonlinear Schrödinger (NLS) equation to KP-I [51, 55] , and the instability of the line solitons of the latter, was used to better understand the transverse instability of rectilinear dark solitons: indeed, these structures being subject to transverse (alias "snaking") instability, also develop undulations and eventually decay into vortex pairs [51, 56] or, in some cases, into 2D vorticityfree structures resembling KP lumps [46] . A recent analysis of the resulting line soliton filament dynamics can be found in Ref. [57] .
Below we will present both the unstable 1D solitons and the stable 2D solitons of the KP-I model, namely the lumps. We will focus on the latter, and show that the lump solution of the KP-I equation can be used to construct weakly-localized 2D dark solitons of the original model.
III. SOLITON SOLUTIONS A. Unperturbed soliton solutions
Without loss of generality, let us consider the case of right-going waves and study, at first, the unperturbed version of the KP-I equation (29), corresponding to the case where dissipation is absent. We can use the soliton solutions of this reduced model, which we present below, to find approximate soliton solutions of the open dissipative GP Eqs. (3)-(4). Indeed, in terms of the original (dimensionless) variables and coordinates, x, y and t, one may write down an approximate [up to order O(ǫ)] solution for the macroscopic wavefunction Ψ of the polariton condensate and the exciton density n R as follows:
where ρ is the respective phase, which can be directly found from the first of Eqs. (28) .
Let us now present the soliton solutions of the KP-I, Eq. (29), which can be distinguished into two types. The first one which is quasi-1D, and is usually called "line soliton" [28] , has the form:
where κ is a free parameter linking the soliton's amplitude to its velocity, ζ(T ) = 4κ 2 T +ζ 0 is the soliton center (with the constant ζ 0 denoting the initial soliton location), and dζ/dT = 4κ 2 is the soliton velocity in the (ξ, T ) reference frame. The above 1D structure is actually the soliton solution of the KdV equation associated with the KP-I Eq. (29) 
and it should be mentioned that, in terms of the original (dimensionless) coordinates, x, y and t, the variable Z reads:
Clearly, in this case, the solution (30) has the form of a sech-shaped density dip, with a tanh-shaped phase jump across the density minimum, and it is thus a dark (gray) soliton. On the other hand, the exciton density (31) follows the form of an antidark soliton soliton, i.e., it has a sech 2 hump shape on top of the background, at the location of the dark polariton soliton, and asymptotes (for x → ±∞) to the equilibrium density n 0 . Notice that the dynamics of this solution was studied systematically in the context of the 1D analogue of the open-dissipative GP model (3)- (4) in the recent work of Ref. [27] . Furthermore, in the 2D setting, the transverse instability of 1D dark solitons of a similar form was also studied in the context of exciton-polariton condensates in Ref. [24] .
Let us next proceed with the second type of soliton solution of Eq. (29), which is of primary interest herein. This is a genuinely 2D soliton, known as "lump" [28] , and is of the form:
where β is a free parameter connecting the velocity (− 3V 2C ) and the inverse width through V = W = β 2 and thus linking the soliton amplitude with its velocity and transverse width. This solution is weakly localized, since it decays algebraically as (ξ 2 + Y 2 ) 1/2 → ∞. Employing, as before, the first of Eqs. (28), we can also obtain the associated phase Φ
Then, returning to the original (dimensionless) variables and coordinates, x, y and t, one may express Eqs. (35) and (36) as follows:
It is clear that upon substituting Eqs. (37)- (38) into Eq. (30), one obtains for the macroscopic wavefunction Ψ an approximate, vorticity-free, and weakly-localized 2D dark soliton, in the form of a dark lump, that decays algebraically as (x 2 + y 2 ) 1/2 → ∞. The exciton density n, on the other hand, takes the form of an antidark lump on top of the background density n 0 , at the location of the dark polariton soliton, and asymptotes (for x, y → ±∞) to n 0 .
The form of the approximate soliton solutions, namely of the 1D dark stripe soliton and the 2D dark lump soliton, is depicted, respectively, in Figs. 1 and 2 . In particular, shown are three-dimensional (3D) plots of the wavefunctions' moduli, |ψ| = |ψ(x, t)|, of the 1D dark soliton stripe (Fig. 1) and the 2D dark lump (top panels of Fig. 2 ), at t = 0; notice that the plot depicting the lump's phase profile (top right panel of Fig. 2) clearly shows that the dark lump is a vorticity-free structure. For clarity, we also show the spatial profiles of |ψ| for the dark lump, at x = 0 and y = 0 (bottom panels of Fig. 2) . Here, we use the following parameter values: all quantities with tildes are set equal to one, γ R = g R = 1, and ǫ = 0.1. In addition, the characteristic parameters of the dark soliton stripe and the dark lump are respectively chosen to be κ = 1 and β = 1
B. Dissipation-induced soliton dynamics
Let us now consider the role of the small dissipative perturbation, in the form of a linear loss term, appearing in the right-hand side of Eq. (29) . In both 1D and 2D cases, the evolution of the 1D KdV soliton and the 2D KP-I lump in the presence of the weak linear loss term has been studied by means of various techniques. Let us consider at first the problem of the KdV soliton dynamics in the case ǫ = 0, which has been analyzed in the past by using a perturbed inverse scattering transform (IST) theory [58, 59] and asymptotic expansion methods [60, 61] (see also the review [62] ). The main result of the analyses reported in these works is that the soliton has the functional form given in Eq. (32), but the parameter κ setting the amplitude width and velocity of the soliton, becomes time-dependent, reflecting the open-dissipative nature of the dynamics. In particular, in terms of the original time, its evolution is given by the expression:
where κ(0) ≡ κ(t = 0), and the soliton decay rate t ⋆ is given by:
where t 0 is the characteristic time scale for the system introduced in Sec. II. On the other hand, the dissipation-induced dynamics of the lump of the KP-I model has been studied in Ref. [63] by means of the perturbed IST theory. According to this work, in this case too, in the presence of the weak dissipation the parameter the parameter β characterizing the amplitude width and velocity of the lump becomes a function of time. In terms of the original time, its evolution is given by an expression similar to that in Eq. (40), namely:
where β(0) ≡ β(t = 0), with the lump decay rate T ⋆ given by:
It is observed that, in the weak pumping regime under consideration, both the soliton's and the lump's decay rates depend on the decay rate γ C of the polariton condensate, as well as the relative deviation α of the uniform pumping P 0 from the threshold value P (th) 0
. Importantly, it turns out that
a fact that indicates that the soliton decays faster than the lump. Furthermore, it is relevant to note that the soliton stripe, in addition to the aforementioned decay, is also subject to transverse instabilities, as we will discussion in our numerical results below. Thus, chiefly, the weakly localized 2D dark solitonic structure constitutes the 2D (non-vortical) coherent structure that has the best chance to be observed in realistic physical experiments.
C. Numerical results
Let us now test the validity of our analytical considerations above by contrasting them against direct numerical simulations of the original system of Eqs. (3)- (4) . In particular, for this comparison, we will study: (i) the existence and dissipative dynamics of dark lumps, and
(ii) the spontaneous generation of coherent structures resulting from the snaking instability of dark soliton stripes.
For simplicity, in our simulations, all quantities with tildes have been set equal to unity, namelyα =γ C = R = 1, as well as γ R = g R = 1. Thus, parameters of the open dissipative GP model, Eqs. (3)- (4), as well as our initial data only depend on the small parameter ǫ. For the initial conditions, we use the analytical form of the dark soliton stripe and dark lump, i.e., Eqs. (30) First, we study the existence and dissipative dynamics of dark lumps (for a relevant study for the dark solitons in the 1D setting see Ref. [27] ). Since our approach relies on a perturbation method, it is expected that the agreement between analytical and numerical results will be better for relatively smaller values of ǫ; for this reason, we choose ǫ = 0.01. Figure 3 shows snapshots of the dark lump modulus |ψ(x, y, t)| as a function of x (i.e., along the propagation direction), for different time instants, up to t = 80. We have obtained similar results (in terms of the quality of the agreement with the theoretical prediction) along the y-direction (results not shown here). It is observed that dark lump solitons do exist and they follow dissipative dynamics which is well described by the analytical predictions -compare the numerical (solid lines) and analytical (dashed lines) profiles of the lump modulus. For this simulation, the relative maximum error in the estimation of the dark lump's minimum at t = 80 is less than 3%. We have checked that even for values of ǫ about an order of magnitude larger, the error is approximately 15% (at the same time t = 80), while the qualitative characteristics of the lump's evolution are similar to those shown in Fig. 3 . In any case, we have found that our analytical approach tends to underestimate the actual dissipation of the dark lump solitons. Next, having checked the existence and dissipationinduced dynamics of the dark lumps, we now proceed to study the evolution of the dark line (i.e., stripe) solitons. Here, we focus on their spontaneous breakup resulting from the transverse instability. As discussed in the previous section, in the 2D setting, line solitons of KP-I are unstable and decay into lumps [54] . In the context of the defocusing NLS, the snaking instability of dark soliton stripes results in their decay into vortices [55] ; this effect was studied in detail also in the context of polariton superfluids [24] .
The connecting link between these two pictures is the formal asymptotic reduction of the open dissipative GP model to the KP-I equation: based on previous results referring to shallow solitons of the 2D NLS [46] , we expect that sufficiently deep stripe dark solitons, which are beyond the analytical description of Eqs. (30)-(31) will decay into vortices; on the contrary, sufficiently shallow stripe dark solitons, described by Eqs. Fig. 4 but for a relatively shallow dark soliton stripe. In this case, after strong undulation, the stripe decays into dark lumps, which are formed at approximately t = 50. A zoom of the lowest lump is shown in Fig. 7 . All parameters are the same as in Fig. 4 and here κ = 4.5 + 0.4 cos(0.2y).
ton stripes. In both cases, parameter values were chosen as previously and ǫ = 0.1. To accelerate the onset of the snaking instability, we have transversely perturbed the characteristic parameter of the soliton, κ, thus using
where the transverse perturbation wavenumber is set to K = 0.2, while κ 0 = 3 and κ 1 = 0.3 for Figs. 4 and Fig. 5 , whereas κ 0 = 4.5 and κ 1 = 0.4 for Figs. 6 and Fig. 7 . First, Fig. 4 depicts the evolution of a relatively deep dark stripe soliton. It is clearly seen that, after developing strong undulations, the dark soliton stripe is destroyed, and a chain of 2D structures, namely vortexantivortex pairs, are formed -cf., e.g., the snapshot at t = 50. In Fig. 5 we depict a zoom of the lowest vortex pair at t = 60. This figure clearly shows that indeed, both the phase plot, which is characteristic of a vortexantivortex pair (top right panel of Fig. 5 ), as well as the profiles of the wavefunction's modulus, justify the formation of vortex pairs in the deep dark soliton stripe case. On the other hand, Fig. 6 depicts the evolution of a relatively shallow dark stripe soliton. It is observed that, in this case too, the dark soliton stripe is destroyed after the onset of the snaking instability. Nevertheless, in this case the 2D structures that are formed are dark lump solitons. This becomes evident in Fig. 7 depicting the lowest lump in Fig. 6 for t = 60. The figure clearly shows that both the wavefunction's modulus and phase, as well as the x and y profiles, take a form of a genuine dark lump soliton -cf. Fig. 2 for a comparison.
Qualitatively similar results have been obtained with other parameter values (results not shown here), a fact that indicates that the dark lump solitons appear generically after the onset of the snaking instability of sufficiently weak dark soliton stripes.
IV. CONCLUSIONS
Employing multiscale expansions methods we studied the effective hydrodynamic equations resulting from a mean-field model for polariton superfluids. The model consists of an open-dissipative Gross-Pitaevskii equation for the polariton condensate coupled to a rate equation corresponding to the exciton reservoir. We focus on the case of weak uniform pumping and sufficiently small polariton loss and stimulated scattering rates. In particular, we have derived several model equations that are commonly used in shallow water waves with viscosityas well as other physical contexts. We have thus first derived, at an intermediate stage, a Boussinesq/BenneyLuke type equation, and then its far-field, a KadomtsevPetviashvili-I (KP-I) equation for right-and left-going waves. By means of the KP-I model, we predict the ex-istence of weakly-localized (algebraically decaying) 2D dark-lump solitons. it is found that, in the presence of dissipation, these dark lumps exhibit a lifetime three times larger than that of dark soliton stripes. We argued that on the basis of their robustness (e.g., against transverse undulations) and as a result of their larger lifetime, these lump structures are likely to be observable in 2D exciton-polariton superfluids experiments.
Our analytical predictions were corroborated by direct numerical simulations. We found that, indeed, dark lump solitons do exist and, for sufficiently small values of the formal perturbation parameter, their dissipative dynamics is well described by the analytical estimates. Furthermore, we have shown that dark lump solitons, as well as vortical structures, may emerge spontaneously after the onset of the snaking instability of sufficiently deep dark soliton stripes.
It would be interesting to extend our considerations to multi-component (spinor) polariton superfluid settings -see, e.g. Refs. [26, [64] [65] [66] [67] . In such settings, a quite relevant investigation would concern the existence of spinorial, vorticity-free dark lump solitonic structures. It should also be interesting to use the methodology devised in this work to study other models that are used in the context of open dissipative systems, such as the LugiatoLefever equation [68] describing dissipative dynamics in optical resonators. Note also that in the present setting we have considered homogeneous condensates. However, parabolic, as well as periodic potentials are routinely used nowadays in exciton-polariton superfluids. Exploring how such external traps may affect the present phenomenology would also be an interesting direction for future work. Such studies are currently in progress and will be reported in future publications.
